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1. Introduction. 

What is the minimal free resolution of a " general " zero-dimensional scheme Z C P^? In this paper 
" general " means that tt(.^red) is fixed and Z^ed is general in P^. We are interested in the minimal free 
resolution of general fat point schemes of P^. A fat point mP C P^ is the zero-dimensional subscheme of P^ 
with support in the point P and (Ip)™ as its ideal sheaf. A general fat point scheme Z miPi + . . . + nirPr 
of P^, nil > . . .rrir > 0, is a general zero-dimensional scheme such that for each Pi G Zred the connected 
component of Z with support in Pi is the fat point rmPi. If m = 1 (resp. m = 2, resp. to = 3) we will 
say that mP is a simple (resp. double, resp. triple) point. We recall that length(TOP) — m{m + l)/2 for all 
TO > 0. 

The Hilbert function and the minimal free resolution of plane fat point schemes have been studied quite 
a lot in the last years, assuming that the number of points is low, or that the multiplicities are low, or 
giving some other kind of restriction on the involved integers. For example, the Hilbert function is known 
in the equimultiple case for any r if to = mi — . . . = rrir < 20 ([ Hi], [ C-C-M-0]) and in many other cases 
([ H-H-F], [ H-R], [ E2], [ R]); it is also known if r < 9 ([ N], [ Ha2]) and if m, < 7 ([ M], [ Y]). The graded 
Betti numbers for a fat point scheme Z — niiPi + . . . + mrPr are known if r < 8 ([ Ca], [ F], [ Ha3], [ F-H-H]) 
and in some other cases ([ H-H-F], [ H-R]). For the equimultiple case, there is a general conjecture ([ Hal]), 
proved for m < 3; i.e., it is known that the homogeneous ideal I{Z) of Z is minimally generated for to = 1 
([ G-M]), TO = 2 ([ I]) and TO = 3 ([ G-I]). 

If Z is a fat point scheme of multiplicity at most 3 in P'^, Z has maximal Hilbert function by [ M], i.e. 
h^{F^,lzik))-h^{P^,Izik)) — for all A: > 0, provided that fc > TO1+TO2 + TO3. In this paper we show that, if 
the length of Z is sufficiently high, the muhiplication maps fikiZ) : H^{Iz{k))®H'^{Op2{l)) H"(Iz{k+l)) 
are of maximal rank for any k. The following result hence follows: 
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Theorem 1.1. Fix non-negative integers a, b, c such that a + 3b + 6c> 79, and let Z c be a general 

union of a simple points, b double points and c triple points in . Let v be the minimal integer such that 
a + 36 + 6f; < {v + 2){v + l)/2. Then Z has the expected minimal free resolution, i.e. the homogeneous ideal of 
Z is minimally generated by {v + 2){v + l)/2 — a — 3b — 6c forms of degree v and m.a.x{0, 2a + 6b + 12c — — 2v} 
forms of degree v + 1. 

In the case in which there are only double points, we can handle a few low integers v and prove the 
following complete result: 

Theorem 1.2. Fix integers a, b such that a > 0, b > 0, and let Z C be a general union of a simple 
points and b double points of P^. Let v be the minimal integer such that a + 3b < {v + 2){v + l)/2. Then, for 
any {a, b) ^ (0, 2), (0, 5), (1, 1), (1, 2) , Z has the expected minimal free resolution, i.e. the homogeneous ideal 
of Z is minimally generated by {v + 2){v + l)/2 — a — 3b forms of degree v and max{0, 2a + 66 — — 2v} 
forms of degree v + 1. 

We raise the following conjecture. 

Conjecture 1.3. Fix integers m > and n > 2. Then there is an integer a„.m such that for all integers 
r > a„_m the minimal free resolution of a general union Z C P"" of r multiple points with multiplicity at 

most m is the expected one. 

For related conjectures and discussions, sec also [ Hal] and [ H-H-F]. Also recall the Minimal Resolution 
Conjecture, which is about the generic union of r simple points in P", and has been proved for n — 2 (as 
said above), for n = 3 ([ B], [ B-G]), in particular cases for n > 4, and for any n and r >> ([ H-S]). 

Several proofs (all of them heavily using the Horace method) of Theorem 1.1 and Theorem 1.2 might 
be given. We will see in section 2 that Theorem 1.2 is an obvious consequence of [ I] and of the deformation 
of a double point to three simple points (see Remark 2.2). The proof of Theorem 1.1 is obtained as well 
adapting the proof of Theorem 1.1 in [ G-I], but it needs a bigger effort. 

Notice that there is no serious obstacle in proving Theorem 1.1 when length Z is lower and c ^ 0, it 
is essentially a question of patience; for example, in order to go down to a + 36 + 6c > 56 wc only need to 
consider a few more cases, thanks to Lemma 3.1.5 and Lemma 3.1.6; if the fat point scheme is supported 
on < 8 points, [ F-H-H] give the Betti numbers; if a, 6, c are such that a + 36 = (mod 6), 36 < a and 
L^^e^J 7^ 2, 3, 5, then [ G-I] and Remark 2.2 gives the result through semicontinuity. There are low length 
cases where the minimal free resolution is not the expected one, for example the union of 2 or 3 or 5 triple 
points. 

In the following we use the Horace method, introduced by A.Hirschowitz to prove this interpolation 
type problems, and the differential Horace method. For the first one, we send the reader to [ Hi]. The second 
one has been introduced in [ A-H] for invertible sheaves, and then extended to vector bundles (see [ G-I] 
Proposition 2.6). 

We work over an algebraically closed field K such that either char(K) = or char(lK) > 3. In [ I] and 

[ G-I] there is the char(]K) = assumption, but in fact this assumption is not necessary in [ I] , while in 
[ G-I] it is used only in the proof of Lemma 2.9 where a map ti ^ between formal power series rings 
is considered. To get the injectivity of the differential of this map at (0, . . . , 0) it is sufficient to assume 
char(K) > n for all i. Since in our set up (fat point with multiplicity at most 3) we have < 3 for all i, we 
hence assume char(K) = or char(K) > 3. 
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2. Preliminaries and proof of Theorem 1.2. 

2.1. Let X be a 0-dimcnsional scheme in P^, and let lengthX = I; we say that X has maximal Hilbert 
function in degree k if hP(^x{k)) = inax{0, i^'^'^) — I}; X has maximal Hilbert function if this is true for 
any k. 

Now assume that X has maximal Hilbert function. Then X has the expected minimal free resolution if 
the natural multiplication maps 

Hk : H\lx{k))®H\Ov^{l)) ^ H\lx{k + l)) 

have maximal rank for each k. Set O := f2p2. Taking the cohomology sequence of the Euler sequence in 
tensored by the ideal sheaf Ix{k + 1), we see that ker fj,}. = H^{fl{k + 1) Ix)- 

Set V = v{X) = min{k > 1 \ C^g^) — I > 0}; then, /i^ is trivially injective for fc < i; because 
hP{Ix{k)) = 0, and is surjectivc for fc > w by the Castelnuovo-Mumford Lemma because h^{Xx{v)) = 0. 
Hence X is minimally generated if and only if fi^ is of maximal rank. 

Now let w = w{X) = min{k > 1 | k{k + 2) — 21 > 0} (w is the smallest integer for which the restriction 
map pk : H°{n{k + 1)) H"{n{k + l)\x) can be surjectivc). Then 21 < w{w + 2) gives / < (""J^), and by 
assumption X has maximal Hilbert function, hence h^{Xx{w)) — and h^{Xxiw)) = {^'2 ^) — I > 0- Now if 
h\lx{k)) = then h^{Tx{k+l)) = and we get 3h°{lx{k)) - h°{Tx{k + l)) = 3((''+2) -1) - = 
k{k + 2) — 21. Hence w is the smallest integer k for which the map can be surjective, without being 
the 0-map. From what is said above we have v < w < v + 1, so that X is minimally generated if and 
only if Pw-i is injective and is surjective, and this happens if and only if h°{fl{w) ^ Tx) = and 
h°{n{w + 1) (g) Ix) = w{w + 2) - 21. 

If we assume only that the Hilbert function of X is maximal in degree w, without any assumptions 
on the other degrees, then the same considerations as above show that fiw-i is injective if and only if 
h°{fl{w) ®Ix) = 0, and Hw is surjective if and only if h^{^l{w + 1) ®Ix) = w{'w + 2) — 21. 

What we do in practice is to look for suitable schemes for which the map pk is bijective, and from these 
deduce the injectivity or surjectivity for the schemes we are interested in. For arithmetical reasons (think of 
k odd) it is better to work in the projectivized bundle P(ri) with the canonical projection tt : P(il) —>■ P^. 
We set £k := Cp(n)(l) ® 7r*C'p2(fc). One has (e.g., see [ 12] Lemma 2.1 ) 

H^{n{k + 1)0 Ix) ^ H\£k+i I^-.x) , H'^mk + l)\x) ^ H\£k+i U-ix). 

If X c P(n) is a 0-dimensional scheme such that lengthX = H^{£k+i), and H°{£k+i ®Ix) = 0, we say 
that X is fc-settled. 

Remark 2.2. It is immediate to see that a 2-fat point of P^ is the flat limit of a family whose general fiber 
is the general union of 3 simple points. 
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A 3-fat point of is the flat limit of a family whose general fiber is the general union of one 2-fat point 

and 3 simple points (sec [ E]. Proposition 4). 

Hence, a 3-fat point of is the flat limit of a family whose general fiber is the general union of 6 simple 
points. 

Notations 2.3. We denote by Rp, with p = 0,l, 2, 3, 5, 8, 11, a certain 0-dimensional scheme of length p in 

P(f7) which we now define. Let U be an open subset in P^ and n\u = Ei (B E2 a local trivialization for Vt: 
then, if j; 7^ 0, 1, Rp = r/i U 772, where 771, 772 have support on two distinct points Ai, A2 in the same fiber 
7r-i(F) where A, = F{Ei)mT-^{P) and r/i C P(-E,), i = 1, 2, so that \ength{r]inTT-^{P)) = 1. If we consider 
affine coordinates {x, y, z} in an affine chart of P(f2) containing Rp, we may suppose tt"^ (P) = {x = y = 0}, 
Ai = (0, 0, 0) and A2 = (0, 0, 1); then Rp is defined as follows: 
Ro = 0; iii = {Ai} is just a point in P(f2); R2 = {^1, ^2} ; 

R3 is made of the point rji = A\ and a length 2 structure 772 on A2, given by an ideal of type {x,y'^,z — 1); 
i?5 is made of a length 2 structure r/i on Ai, given by an ideal of type {x,y^,z) and the first infinitesimal 
neighbourhood 772 on A2, given by an ideal of type {x^ ,xy, y'^,z — 1); 

i?8 is made of two 4-ple structures 771, 772 of the same type, given by ideals of type {x^,xy, y'^, z), {x^, xy, y^, z— 

1); 

is such that 771 is a 5-ple structure on Ai given by an ideal of type {x^,x'^y, y^, z), and r/2 is given by an 
ideal of type {x^, x^y, y^x, y^ ,z — \). 

So for k even Rp is two copies of a nilpotent C P^ with t] = rji, while for k odd Rp is the same thing but 
with a nilpotent transversal to one of the components of this scheme added. Since we are interested in the 
schemes Rp only for the vanishing of global sections of Op(n)(l) ® n*Op2{t), we can consider (see Lemma 
2.2 in [ G-I]) that Rp is the pull back of 77 C P^ for k even, and for k odd the pull back of rj with a nilpotent 
transversal to this scheme added. For the same reason, if i? C J7 is any 0-dimensional subscheme of P-^ and 
we set: 

B' :=Tr-'^{B)n¥{Ei), B" := Tr-\B) nF{E2), B:=B'UB", 
as long as we are concerned only with the vanishing of the global section of £k along n~^{B), we can 
substitute the last one with B. 

Notations 2.4. With Y{a, b) we denote in the following the generic union of a points and b double points 
in P2; we also set Y{a,b) := TT-'^{Y{a,b)). 

For any fc > 0, let g = q{k), r = r{k) be positive integers such that k{k + 2) = 6q{k) + r{k), with < r < 5; 
the possible values for r are 0, 2, 3, 5 (see [ I] Lemma 1.6). 

In the following Z{s, d,p) will denote the generic union in F{Cl) of y(s, d) with Rp, where 2s+6d+p = k{k+2) 

and < p < r. Notice that p = r (mod 2), hence p 7^ 4. 

We set Afe = {{s,d,p) e N^l 2s + 6d+p = k{k + 2), p = 0, 1, 2, 3, 5}. 

In [ I] the assertion: "Z(0, q'(A:), r(A:)) is k-settled", denoted by '^A(k)'\ is proved for any k ^ 2,3. 

Lemma 2.5. If A(k) in [ I] is true and if {s,d,p) G Ak, then H^{£k+i ^1z{s,d,p)) = 0. 

Proof. We write q = q{k), r = r{k); by assumption 2s + &d + p — dq + r with < p < r < 5. Writing 
s = 3Z -|- j, < j < 2, we find 4-|-r>2_7-|-p = r (mod 6), hence 2j -|- p = r. 
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Now observe that a double point is specialization of 3 points in the plane; i?2 is the pull back of a point 

of P^; i?3 is specialization of the union of the pull back of a point of with Ri, which is a point in P(0), 
and if 2j + p = 5, then is specialization of the general union of the pull back of j points of P^ with Rp 
= 1,2). 

Hence, the scheme Z{s, d,p) specializes to Z{0, q, r) and we conclude by semicontinuity since by assumption 

ifO(ffc+l«)Jz(0,g,r)) = 0. □ 

Lemma 2.6. Let a, b, k be nonnegative integers such that {k — l){k + 1) < 2a + 66 < k{k + 2). Then, 
if A(k-l) is true, jik-i is injective for Y{a,b); 

if A(k) is true, and ifY{a,b) has maximal Hilbert function in degree k, then Hk is surjective for Y{a,b). 

Proof. By assumption, w(Y {a,b)) — k. Then, in order to prove the first and respectively the second 
statement, it is enough to prove (see preliminaries 2.1) h^{£k ®'^Y(a,b)) ~ ^ ^'^'^ respectively h^{£k+i (8> 
^Y(a,6))=^(^ + 2)-2(a + 36). 

Assume A(k-l) holds. We now show that there exists (s, d,p) G A/j_i such that Z{s, d,p) is contained in 
Y{a, b). We write q = q{k — l), r — r{k— 1); we are looking for s, d,p such that 2s + 6d+p= (fc — l)(fc+ 1) = 
6q + r < 2a + 6b, with < r < 5. Set r = 21 + e, e = 0.1. li q < b, we set d = q, s = 0, p = r: since 
Rr is contained in the pull back of a double point, wo have Z{0,q,r) C Y{a,b). li q > b, we set d = b, 
s = 3((j' — b)+l,p = e. Since 2{^{q — b)+l) + e < 2a, we have s + 1 < a and moreover if e = 1 i?e is contained 
in the pull back of a simple point, hence Z{3{q — b) + 1, b, e) C Y{a, b) both for e = and for e = 1. 

By the previous lemma H^{£k ® Iz{s,d,p)) = 0; we conclude taking cohomology of the exact sequence: 

—> £k ^lyiafi) ~^ ®1z{s,d,p) ^ •••• 

Now assume A(k) holds. Wc now show that there exists {s,d,p) S such that Z{s,d,p) contains Y{a,b). 
We write q = q{k), r = r{k); we are looking for s, d,p such that 2a + 6b < 2s + 6d + p = k{k + 2) = 6q + r, 
with < r < 5. Set r = 2Z + e, e = 0, 1. We have 6(6 — q) < r — 2a < 5, hence 6 < g, so we set d = b, 
s = 3[q -b) + 1, p = e; since 2a < 2{3{q -b) + l) + e, we have a < s, so Z{3{q -b) + l, 6, e) D Y{a, 6). 

By the previous lemma H^{£k+i ®^z(a,d,p)) = Oi the cohomology of the exact sequence: 

£k+l ®Iz(a4,p) ^fe+l ^^Y{a,b) ~^ ^k+l ®^Y{a,b),Z{s,d,p) ~^ ^ 

gives h"i£k+i ®lY(a,b)) ^ h"i£k+i ®^Y(a,b),z(a4,p)) = 2(s -a)+6{d-b)+p = k{k + 2) - (2a + 66). On the 
other hand h°{£k+i ®lY(a 6)) — ^^i^k+i) — h^{^k+i\Y{a 6)) ~ ^(^ + 2) — (2a + 66), so we have equality. □ 

Proof of Theorem 1.2. First let us check that Y{a,b) has maximal Hilbert function (mHf for short) 
for (a, 6) ^ (0,2), (0,5). It is well known that Y{a,b) has mHf for any a if 6 = 0, or for any 6 7^ 2,5 if 
a = ([ Hi]). Now let il 7^ be a linear system in P^; if P is a point outside of the base locus of £, for 
example a generic point of the plane, and -C(-P) is the linear system obtained by £ imposing the passage 
through P, then dim£(P) = dim£ — 1. Hence if we add (generic) simple points to a scheme y(a, 6) with 
mHf we get a scheme which again has mHf. We conclude that all schemes Y{a, 6) with 6 7^ 2, 5 have mHf. 
Moreover, if a > 3, and 6 = 2, 5, the scheme Y{a, 6) specializes to Y{a — 3,6+1) which has mHf, hence by 
semicontinuity Y{a, b) has mHf too. It is immediate to check by hand that also in the remaining cases, i.e. 
(a, 6) = (1, 2), (2, 2), (1, 5), (2, 5) the Hilbert function is maximal. 
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Now we study the maps /Ufe. Recall that assertion A{k) is proved in [ I] for fc = 1 and k > i. If 

I = l{Y{a, b)) = a + 3b > 12, and w is the integer such that (w — l){w + 1) < 2a. + 6b < w{w + 2), then 
w — w{Y{a, b)) > 5 and Lemma 2.6 assures that Y{a, b) is minimally generated, provided that (a, b) =/= (0, 5) 
(see also 2.1). If w = 4 (i.e. 15 < 2/ < 24) and v = v{Y{a,b)) = 4 (i.e. 10 < I < 15), then (see 2.1) it is 
enough to prove that H4 is surjective, and this is true by Lemma 2.6; hence Y{a,b) is minimally generated 
also for 11 < Z < 12. 

We now assume I < 10. We know that Y{a,b) is minimally generated for any a if 6 = ([ G-M]), 

or for any 5 7^ 2 if a = ([ I]); the remaining cases are {(a,l)}a=i 7, {(a, 2)}a=i....,4 and (1,3). For 

(7, 1), (4,2), (1,3) we have /i°(Zy(a {,) (3)) — /i^(2V(a,6)(3)) = so by the Castelnuovo-Mumford Lemma the 
scheme is minimally generated. The scheme F(6, 1) specializes to F(3, 2) which specializes to F(0, 3), and 
the last one is minimally generated, hence by semicontinuity the other two are minimally generated (notice 
that all schemes here have mHf, and this is why semicontinuity for H^{Q{k + 1) (g) J) is useful). 

The few cases left can be recovered from [ Ca] ; anyway, we give their explicit description in what follows. 
For (3, 1), (2, 1) we have v = 2 and w = 3, so it is enough to prove that fj,2 is injective, and this is true because 
/i'-^(Xy(3 1) (2)) = and /i"(Jy(2.i) (2)) = 1. For (2,2) we have v = 3 and w = 4, so it is enough to prove 
that i/°(0(4) 0ly(2,2)) — 0. Let C be a conic through the four points, and L the line through the two 
double points; since Cl\c = Opi(-3)®^, we have iJ°(0(4)|c <^lY{2,2)nc,c) = 0) hence /i°(f2(4) (S)Xf(2,2)) = 
/i°(0(2) <8)Xy(2,o)) and the last one is zero because H'^{Q{1)) = and H'^{fl{2)\L 2^(2,0),!,) = 0. The 
scheme Y{5, 1) specializes to Y{2, 2), hence also Y{5, 1) is minimally generated. 

For (4, 1) we have ?; = 3 and w = 3, so we want to prove that /is is surjective, or equivalently (see 2.1) 
that /i°(f4 (8iXi>(4 1)) — /i'^(0(4) fS^lYii,!)) = 15 — 21 = 1; this is in turn equivalent to H°{£a ®Xz(4,i,i)) = 0, 
where Z(4, 1, 1) = y(4, 1) U Now we use the Horace method in P(r2), as we do, for example, in the proof 
of the forthcoming Lemma 3.1.4. Let C be the conic through the five points in the support of y(4, 1); then, 
-ff°(£4|7r-ic ^z{4,i,i)rm-^c,w-^c)) = 0) ^ud H^{£2 ®^z{i,o,i)) = (the last one is assertion ^(1)), so we 
conclude that H^{£i ®1z(4:,i,i)) = 0- 

y(l, 1) is not minimally generated. In fact, let L be the line through the two points. Here v = 2 and 
w = 2, but ii2 cannot be surjective since L is in the base locus of H^{Iy{i,i){'^)), so there must be a generator 
of degree 3. Y{1, 2) is not minimally generated. Here w = 3 and w = 3, but jiz cannot be surjective since 
the line through the two double points is in the base locus of H^{Iy(i,i){3)), so there must be a generator 
of degree 4. □ 

3. Proof of Theorem 1.1. 

3.1 Reduction to a statement with no simple point. 

3.1.1. Recall of techniques and notations from [ G-I]. In the following we use, beyond the Horace 
method, also the differential Horace method for vector bundles, for which we refer to [ G-I] Section 2 and in 
particular Proposition 2.6.; moreover, we'll use notations 3.1 and the ones estabilished at the beginning of 
the proof of 3.3 in [ G-I], so we recall them briefly here. 

For the definition of vertically graded subscheme with base a fixed smooth divisor see [ A-H] and [ 
G-I] 2.3. We introduce now some notations that will allow us to express ourselves as if we were working 
in P^, while our environment is actually P(r2). Let B be a 0-dimensional scheme of with support at 
a point P, vertically graded with base a smooth conic C with local equation y = 0, and let x,y be local 
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coordinates at P. Notice that B' and B" (see Notations 2.3) are vertically graded with base H = n ^(C). 
Consider the integers aj where, if := {1b ■ 1c) ^ ^c, then TrQ{B) = We will denote 

B = B'yjB" hy \ : .So for example B is denoted by (/i) if Ib = {x'',y); by 
Vao/ 

if Is = {x^,xy,y^); by if Ib = {x^ ,x'^y,y^); by if Ib = {x^,y^); by 

If B is a [ 3 ] ' that B is "a f ^ j scheme over C" and write f ^ ) . We write, for example, 




over' 



C 



"/i ^ 2 J schemes general over " to mean a union of h schemes of type ^ 2 J ' projection in is 

general. Moreover, ii h,l G N, we will use, for example, the notation "/i ( ^ ] + Z ( M " to denote the union 



of h schemes of type ( ^ ) and I schemes of type 



^2 J ' 

If flj and bi, i = l,...,m arc positive integers, with an abuse of notation we write {Y^iLi^^ibi) = 
J2iLi o-iibi), since for our vanishing problem only the length of the scheme over C matters. 

When we apply [ G-I] Proposition 2.6, i.e. when we do a differential Horace, or HD, step, and we say for 
example that we "add over C" ^ [3] ^ ^ t^l ^ > ^^^^ means that we are using the "ground slide" of the 

vertical scheme ^ ^ ^ and the "first floor slide" of the triple point, so that the HD trace {5),-, is given by the 

numbers in square brackets, while the HD residue (( 1 ) + ^ ^ ^ )c is obtained by the eliminating the part in 
the square brackets. 

Notations 3.1.2. With Y{a., b, c) wo denote in the following the generic union of a points, b double points 
and c triple points in P^; we also set Y{a,b,c) := Tr~^(Y{a,b,c)). 

For any fc > 0, let u = u{k), p = p{k) be the positive integers such that k{k + 2) = 12u + p, with < p < 11. 
If we write k modulo 6, we get (see [ G-I] 1.2; but notice that there u{k), resp.p(fc), are denoted by q{k), 
vesp.r{k)): 



for k=61 


u{k) 


= 3f + l 


P{k): 


= 


for k=61+l 


u{k) 


= 3P + 21 


P(k) 


= 3 


for k=61+2 


u{k) 


= + 3; 


P{k) 


= 8 


for k=61+3 


u{k) 


= 3^2 + 4^ + 1 


P{k) 


= 3 


for k=61+4 


u{k) 


= 3P + 5l + 2 


P{k) 


= 


for k=61+5 


u{k) 


= 3P + 6l + 2 


P{k) 


= 11 



For a fixed k, let Z{s,d,t,p) denote the generic union in P(f2) of Y{s,d,t) with Rp, where 2s + 6d ■ 
12t + p = k{k + 2) and < p < p, p = 0, 1, 2, 3, 5, 8, 11. 

We'll set Afe = {{s,d,t,p) G 2s + M + I2t + p = k{k + 2), Q<p< p, p = 0, 1, 2, 3, 5, 8, 11}. 
In the following, '^H{s,d,t,p,k)" denotes the statement: 

"If is,d,t,p) e Ak, then if°(^fe+i ® Xz(.,d,t,p)) = 0." 
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We want to prove that H{s, d, t,p, k) holds for k > 12, and this will be done through some lemmas. Notice 
that if t = the statement H{s, d, t,p, k) reduces to Lemma 2.5, so we can assume t >1. 

Remeirk 3.1.3. Recall that B{k) in [ G-I] is nothing else but H{Q,0,u{k), p{k),k), and B{k) is true for 
fc > 10 ([ G-I] Proposition 3.9). To be punctual about that, notice that for the remainder scheme Tg defined 
in [ G-I] 1.3, which is the analogous of our scheme Rs, one has the choice between two 4-ple structures rji, r]2 
of the same type, given in local coordinates x, y by an ideal of type (x"^, xy, y"^) or by an ideal of type {x^ , y^); 
in the languages of vertical schemes, Ts is ^ ^ ^ or ^ 2 ^ • Anyway, the unique point of the proof of Theorem 

1.1 in [ G-I] where one chooses to use Tg as a is the next to last step in the proof of Proposition 4.1, 

where we specialize it on (the pull back of ) a smooth conic C. It is possible to choose Tg = also 

here, specializing it as a I 1 I (in other words, we consider it as vertical scheme with respect to the y-axis 

V[2]/ 

instead that to the a;-axis); in the last step, the residue ^ can be specialized as a (2) on C. Hence we 
can always assume that the remainder scheme Tg in [ G-I] is our scheme i?g. 

The following lemma allows to construct a lot of well generated schemes containing 2-fat points; the 
proof goes exactly as the proof of Lemma 2.1 in [I], but we repeat it here for the reader's sake. 

Lemma 3.1.4. Let k he an integer > 6 and B be a 0- dimensional scheme in such that h^{£k-z®'lR) = 

0. Let A be the union in P(0) of R with -K^'^iY) where Y denotes the union of 2k — 2-fat points in 
supported at general points; then, h^{£k+i ®1a) = 0. 

Proof. Let C be a smooth conic; we denote by Z the scheme obtained by A specializing k among the 2-fat 
points of F on C and consider the exact sequence: 

— > £k-i ®lRes^-icZ — *■ ^fe+i ®Tz ^ £k+i <8i2zn7r-ic,7r-ic " *■ 0; 

since on C there is a scheme of length 2k, H^{£k+i ®^znv-^c,v-^c) = so that h^{£k-i ®lRes^-i^z) = 
h°{£k+i ®Iz) > hP{£k+i ®Ia). 

The scheme Res^^-icZ is the union of R and of the pull-back of fc — 4 general 2-fat points and k simple points 

on C. Now let C" be another smooth conic; we denote by B the scheme obtained by Rcs^-iqZ specializing 
the k — A 2-fat points on C" and 4 among the simple points on C fl C; consider the exact sequence: 

—>■ £k-3 'SllRes^-i^,B —>■ £k-l 'SiIb ^ £k-l ^Ismr-'^C' ,Tr-'^C' " * 

and since on C" there is a scheme of length 2k — 4, the third H'^ is so that hP{£k-3 ® Ircs^-i^ib) = 
h^{£k-i^lB)>h^i£k-i ^Ircs -i„z)- 

The scheme Res^^-icB is the union of R and of the pull-back of fc — 4 simple points on C and A; — 4 simple 
points on C . We denote by D the scheme obtained by Res^-ic'B specializing the fc — 4 C'-points on C (for 
details, see [I]); now consider the exact sequence: 

— *■ £k-5 ^^Rea^-i^D — * ®1d ^ £k-3 ^Dnv-'^C,-K-'^C ^ 
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and since on C there is a scheme of length 2k — 8, the third is 0. Since Res^-icD is R, we finaUy get 
= h°{£k-5 ®TRes^-^^D) = hP{£k-3®lD) > h° {£k-3 ^ iRes^.,^, b), that is, h°{£k+i ^Ia) = 0. □ 

Lemma 3.1.5. If d < ^ and k > 10, then H{s,d,t,p,k) is true. 

Proof. Since d < §, by Remark 2.2 the scheme Z{s,d,t,p) speciahzes to Z{s',0,t',p) where s' = s — 3d — 
6[^], t' =t + d+ [^]. 

Since s' < 5 and p < p,we have 10 + p>2s' +p = p{12) so that 2s' + p = p, hence it is easy to see that the 
scheme the union of Y{s', 0, 0) and of Rp specializes to Rp (see description of schemes Rp in Notations 2.3). 
So finally the scheme Z{s' ,0,t' ,p) specializes to Z{0,0,u{k),r{k)) and we conclude by semicontinuity that 
H{s,d,t,p,k) holds. □ 

Lemma 3.1.6. The statements H{s,d,t,p,k) with d > ^ are true if both the statements H{0,d,t, p{k),k) 
with any d and the statements H{0, d, t, 5, k) with k = 5 (mod 6) and with any d are true. 

Proof. Since > |, Remark 2.2 allows us to say that the scheme Z{s,d.t.p) specializes to Z(a, S,T,p) 
where a = s — 3[|] , 5 = d — [|] , = ^ + [f ] i moreover, < ct < 2 and S > 1. Let u = u{k), p = p{k), 
and set (5 = 2e + j, < j < 1; we have: 2(j + 65 + 12t + p = 12(t + e) + 6j + 2a + p= k{k + 2) = 12u + p, 
< p < p. Since 10 + p > 6j + 2a + p = p (mod 12), we get 6j + 2a + p = p. Hence it is easy to see 
that if {a,j,p) ^ (0,1,5) the union of Y{a,j,0) and of Rp specializes to Rp, so that finally the scheme 
Z{s, d, t,p) specializes to Z(0, S — j, r, p), where 6 — j = (mod 2), and we conclude by semicontinuity. If 
{(^fj^p) = (0) 1) 5) then p = 11 so that k = 5 (mod 6), and it is no longer true that the union of Y{a,j, 0) 
and of Rp specializes to Rn, essentially because two double points in the plane do not specialize to a triple 
point. □ 

Remark and notations 3.1.7. Now our purpose is to prove the statements H{0,d,t, p{k),k) with any d 
and the statements H{0, d, t, 5, k) with k = 5 (mod 6) and any d, for k > 12. 

Notice that the number d of double points in the statement H{0,d,t, p{k),k) is necessarily even, since by 
assumption 6d + 12t = k{k + 2) - p{k) = (mod 12) (see 3.1.2). 

On the other hand, the number d of double points in the statement H{0,d,t,5,k) with k = 5 (mod 6) 
is necessarily odd, since (see 3.1.2 again) k = 5 (mod 6) if and only if p{k) = 11, and by assumption 
6{d - 1) + 12t = fc(fc + 2) - 11 = (mod 12). 

In the following we set X{d, t, k) := Z(0, d, t, p) where &d + 12t + p = k{k + 2) and k{k + 2) = 12u + p, 
with < p < 11; notice that t and k, as well as d and k, determine X{d, t, k), and d is always even. 

With .Rii we denote in the following the generic union of the inverse image of a double point with R^. 
If A; = 5 (mod 6), we denote by X{d,t,k) the scheme obtained by X{d,t,k) substituting to Rn the scheme 
Rii. 

So finally what we want to prove is that X{d,t,k) is k-settled for any k > 12 and that X{d,t,6l + 5) is 
(6^ + 5)-settled for any / > 2. 

3.2 Proof of the statement with no simple points. 

3.2.1. Definition of standard step. 

In the following C denotes a smooth conic. 
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Let R= {x + 2/ (^3^ ~^ (^3^ + (6)) ^^g^ c~'~^^^^~'~"^2)^~-^'' he & O-dimensional scheme with 

length R = h^{£k+i) and length(i? fl tt~^C) < 2k, and assume we want to prove that R is fc-settled. We 
now define what a standard step is; the idea is that we spcciahzc (in the sense of a differential Horace step) 
the maximum possible of triple points on C, and if no more triple points are available, we specialize double 
points on C, so that to get a scheme R with exactly 2k conditions on C; at this point in order to prove that 
R is fc-settled it is enough to prove that the residual scheme is fc — 2-settled: 
standard step k — + k 2: 

i\ /i\ fin\ /[II 



we "add" over C g \ 2 j + n y[2] j + p y2 j + r \^^^^ j + s \^^^' j where: 

v>g + n+ p,u>r + s, 2x + 3y + 3z + e + 3g + 2n + p + 2r + s = 2k, < n + p < 1, < s < 1, and finally 
r = s = if it is possible to find g,n,p such that 2x + 3y + 3z + e + 3g + 2n + p = 2k. 

The residue is: {{x + y + 2z + r + 2s) + g (^^^^ + n (^^^^ + P (l^) over c + ' 9 ' ^ - P) 

r-.s)(;)+i?p. 

Notice that this construction is possible if 2x + 3y + 3z + e < 2k and ifv>g + n+p,u>r + s. 

Notation 3.2.2. We recall here Definition 3.2 given in [ G-I]: 

Let b, c, d, e, f, p, k be integers > 0; with Z{b, c, d, e, f, p, k) we denote a O-dimensional subscheme of X, 
union of: 



b{l] + c{l)+d( ] +e{l) over C, and / I 2 1 + general over ™.2 



with the following assumptions: 



(0) k 26 + c + 3d + 3e < 2fc, 0<d + e<l, 

(1) k 2(36 + c + 4d + 5e + 6/) + r = fc(fc + 2) (i.e., length{Z{b, c, d, e, /, r, k)) = h°{£k+i)) 

(2) k p = or p = 8 if fc is even; p = 3 or p = 11 if fc is odd. 

In [ G-I] it is proved that Z{b, c, d, e, /, p, k) is fc-settled for k > 12: see Definition 3.2 and proof of Proposition 
3.9 there. 

If k = 61 + 5, i.e. if p = 11, we denote here by Z{b, c, d, e, f, 11, k) the scheme obtained by Z{b, c, rf, e, /, 11, k) 
substituting to Ru the scheme ^n. 

Lemma 3.2.3. Let k = 61 + 5. The schemes Z{b, c, d, e, /, 11, k) are k-settled for k > 12. 

Proof. Use the proof of the fact that Z{b, c, d, e, /, p, k) is fc-settled given in [ G-I], substituting to Rn the 
scheme ^n; it is hence enough to prove the initial cases with this substitution. So it is enough to prove an 
analogous of Lemma 5.2 in [ G-I], where 11 schemes of type Z{b, c, d, e, f, 11, 7) are proved to be 7-settled. 
We'll do the same here substituting to Ru the scheme ^n; so we want to prove that the schemes: 
Z(0,9,0,l,2,ll,7), Z(l,5,0,0,3, 11,7), ^(1,6,0,1,2,11,7), Z(l,7,l,0, 2,11,7), 
Z{2, 2, 0, 0, 3, 11, 7), Z{2, 3, 0, 1, 2, 11, 7), Z{2, 4, 1, 0, 2, 11, 7), Z{3, 5, 0, 0, 2, 11, 7), 
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Z{4, 2, 0, 0, 2, 11, 7), Z(4, 3, 0, 1, 1, 11, 7), Z{1, 1, 1, 0, 3, 11, 7) 

are 7-settled. In all these cases we do 2 standard steps (see 3.2.1) and in all the 11 cases the last residue 

is ( ( 2 ) + 2) ) over c + ( ( ^ ) + ( ^2) ^"^^^""^ ( ^2"^) ^^^^^^^ ^he scheme R5). Now the 

second scheme specializes to the first one, since 5 points on a conic are general, so it is enough to prove that 

the first one is 1-settled. 

We do a step 3^1: we "add" over C ( ] and the residue is ( 1 ) + (1/0) which is 1-settled (recall 



[2] 

that the scheme ( 1/0 ) ^^^^ q is just a point of P(f2)). □ 

Lemma 3.2.4. If d< k, X{d,t,k) is k- settled for any fc > 12 and X{d,t,k) is k- settled for any k >12 and 
k = 5 (mod 6). 

Proof. Let u = u{k), p = p{k). In [ G-I] it is proved that H^{£k+i ®1z{bfififi,f,p,k)) = for fc > 12, and 
Lemma 3.2.3 says that for = 6Z + 5, the schemes Z{b, 0, 0, 0, /, 11, k) are k-settled for k > 12. Now the 
scheme Z{h, 0, 0, 0, /, p, k) is union in P(0) of Rp with the inverse image of / general triple points and of h 
double points whoose suports lie on a smooth conic, with h <k (this is condition (0)fe), so that we conclude 
by semicontinuity that X{d, t, k) is k-settled for any k > 12. Analougously for X{d, t,6l + 5). □ 

Lemma 3.2.5. If k > 16 and k<d<k + [^] , or if k > 18 and k + [^] < d < 2fc - 4, then X{d, t, k) 
is k-settled and if k = 61 + 5 X{d, t, k) is k-settled. 

Proof. We first prove the statement about X = X{d,t,k). Let C be a smooth conic. We do an Horace 
step. We specialize on C A: double points; now on C there is a scheme of length 2fc, so that _ff°(ffe_|_i ® 
^xn-K-^C,-K-^c) = 0, hence h^{£k-i ^^Res^-i^x) = h^{£k+i ®^x)- The residual scheme Res^^-icX is the 
generic union of y(0, d — k,t) with the pull back of k points on C and with Rp. 

Now we do an HD step; this time we need to have 2k — A points of in total on C, so we still need k — A. 
case 1: d-k< [^] : 

[3] y \ 3 y V 3 

Q <h-\-i <1. The HD residue is the generic union oiY{Q,0,t — g — h — i) oi Rp and of {d — k){l)+g 



weaddonC (d-A;) ( +£/ I 2 |+/i|[2]|+i| 2 | where A; + 2(d - fc) + 33 + 2/i, + i = 2A: - 4 and 



1 

^2 

h ^3^+^ onC, which in the notation of [ G-I] is a generalization of Z{g, d—k,h,i,t — g — h — i,p,k — A); 
in fact, it is easy to check that conditions {l)k-4 and {2)^-4 are automatically verified, while the condition 
(0)fe_4 is true for fc > 4. Moreover, t — g — h — i > il k > 16. 

case 2: d-k> [^] : 

we set fc - 4 = 2to + Z, Z = 0, 1, and we add on C m ( ) + Z ( where fc -h 2m -|- / = 2fc - 4. The HD 



.mj^\2 

residue the generic union of F(0, d — k — m — l,t), of Rp and of m(l) -|- 1{2) on C. 

Now we do another HD step: we need 2fc — 8 points of P^ in total on C, so we add on C (rf— fc — m — Z) ( rL ) + 



[2] 

2 +ft [2] +n 2 where rn-F2Z + 2(d-fc-m-Z)-h35-|-2/i -hi = 2fc-8 and < /i-t-« < 1. The HD 

p]J Vs; 
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residue is the generic union ofY{0,0,t — g — h — i), of Rp and of {d — k — m — + g J +h y^j +^ 
on C, which in the notation of [ G-I] is a generahzation of Z{g, d — k — m — l,h,i,t — g — h — i, p,k — 6); in 
fact, conditions (l)fe-6 and {2)k-e are automatically verified, while (0)fe_6 is true for k > 16. Moreover, it is 
easy to check that t — g — h — i > if k > 18. 

The conclusion follows by [ G-I] , where, as said above, it is proved that these schemes Z{b, c, d, e, /, r, k) 

are fc-scttlcd for k > 12. 

The statement about X{d, t, 61 + 5) is proved exactly in the same way using Lemma 3.2.3 instead of [ G-I]. □ 

3.2.6. In the following Lemma 3.2.7 we treat the case of double and triple points with a lot of double points. 
Hence it is convenient to give some definitions. 

Let k, n be integers with 1 < n < | and let be a 0-dimensional scheme in P(Q) such that h^{£k+i-Qn ® 
Ir) = 0. Let A be the union in P(f2) of R with the inverse image of the union of (2fc — 4) + {2{k — 6) — 

4) . . . + (2(fc — 6{n — 1)) — 4) = n{2k — 6n + 2) double points in supported at general points; then, Lemma 
3.1.4 applied n times gives h^{£k+i Ta) — (the condition n < ^ assures that A; + 1 — 6n > 1, and also 
that each addend in the sum is positive, since n < ■^^). 
For all fc > 6 and 1 < n < we set 



a{n, fc) := ^ (2(fc - 6i) - 4) = n(2fc - 6n + 2). 



i=0 



If we fix a fc > 6 the function a{n, fc) is hence increasing as long as it is defined, and strictly increasing if 



n< 

Now consider a scheme X{d, t, fc) with fc > 6; we can set 

fc 

n = n{d, fc) := max{n, 1 < n < — , d> a{n, fc)} if d > 2fc — 4, 

n = n{d,k) if (i < 2fc - 4. 

Let d > 2k — 4 and let m be an integer, 1 < m < n; we have seen above that H{0, d.t, p, k) is true if 
H{0, d — a{m, fc), t,p,k — 6m) is true. Moreover, the scheme X{d — a{m, fc), t,k — 6m) verifies 

a{n + 1 — m, fc — 6m) > d — a{m, fc) > a{n — m,k — 6m) {*) 

so that 

n{d — a{m,k),k — 6m) = n{d,k) — m {**). 

In fact, one has a{n, fc) — a(m, fc) = a{n — m,k — 6m), so that the second inequality is clear. For the first 
one, there are two possibilities: 

i) a{n + l,fc) is defined and > a{n,k), i.e. n + 1 < then by definition a{n + l,fc) > d so that 

a{h + 1 — TO, fc — 6m) > d — a{m, fc). 

ii) a{n + 1, fc) is not defined, i.e. n + 1 > -^i^, or a{n + 1, fc) = a{n, fc), i.e. n + 1 = ^i^. 

Since n < ^ we have: n = or fi = ^ in the first case, n = in the second. We recall that 

— 6 6 6 '6 

6d + 12t + p(k) = k{k + 2), hence d < ''C'+p-P = 2u{k). 

If n = ^ then fc = 2 (mod 6) so that p = 8; hence, a(n, fc) = = 2u(fc). 
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Un = kzl then fc = 1 (mod 6) so that p = 3; hence, a{n, k) = ^^^=+3) = 2u{k). 

If n = I then k = (mod 6) so that p = 0; hence, a{n,k) = '^'^''^'^^ = 2u{k). Since by definition 
d > a{n,k), in each of the three cases we get d = a{n,k); hence the first inequahty in (*) becames 
a{n+l — m,k — 6m) > a{n — m, k — 6m) which is true (notice that n+1 — m<nso that a{n + l — m,k — 6m) 
is defined). 

Lemma 3.2.7. If k> 12 then X{d,t, k) is k-settled and when k = 61 + 5 also X{d,t, k) is k-settled. 

Proof. We prove the statement about X{d, t, k), since the statement about X{d, t, k) can be proved exactly 
in the same way. 

If d<2k-A, then X{d, t, k) is fc-settled for fc > 18 by Lemma 3.2.4 and Lemma 3.2.5, and for 12 < A; < 17 
by Lemma 3.3.1. 

If d>2k — A, write fc = 6/i + j, < j < 5, and let n = n{d, k). If fi < h — 3, then A; — 6n > 18 + j, so that 
H{0, d—a{n,k), t,p,k — 6n) is true by Lemma 3.2.4 and Lemma 3.2.5, since by (*) d — a{n, k) < 2(fc — 6n) — 4. 
If n > ft- — 2, then we apply h ~ 2 times Lemma 3.1.4, and in this way we see that H{0, d, t, p, k) is true if 
H{0, d — a{h — 2, k), t, p, 12 + j) is true. So we conclude by Lemma 3.3.1. 



3.3 Initial cases and proof of of Theorem 1.1. 



Lemma 3.3.1. If k = 12+ j with < j < 5 then X{d,t,k) is k-settled and when k = 11 also X{d,t,k) is 
k-settled. 

Proof. U d < k the statement is true by Lemma 3.2.4. If fc = 16, 17 and k < d < k -\- [^-^] , the statement 
is true by Lemma 3.2.5. We are hence going to prove that the union X{d, t, k) of d double and t triple points 
and of Rp verifies H^{£k+i i8) 1x{d,t,k)) = 0, where d-\-2t = ^i^+^)-P = 2u{k) so that d is even, and d > k 
if 12 < fc < 15, d > fc + [^^] if fc = 16, 17. For fc = 17 wc arc also going to prove that the same holds 
substituting to Ru the scheme _Rii. When j = 0, 1,3,4 the case t = is proved in [ I], section 2 so that 
we'll assume t > for A; = 12, 13, 15, 16. Recall that at each step 1^1 — 2, which can be an Horace or a 
differential Horace step, the divisor is the pull back of a smoth conic C and the points of needed on C 
are 21. All the assertions about unions of double points plus a scheme Rp are proved in [ I] section 2. 

Assume < t < [^] . Wc define the following algorithm (A)(t,k) applying one standard step (sec 3.2.1) 
to X{d,t,k), and then another standard step to the residue (in these assumptions the standard steps are 
particularly simple): 

step k^k-2: We "add" over C t ^ 2 j + 6 ^ ^ + a ^ ^ where 3i + 26 + a = 2A;, a = 0, 1; since 

the condition 3i < 2A: is verified by assumption, this is possible ifd — a — 6>0is true. 
The residue is {t + {b + 2a)) ^^^^ ^ + [d - a -h) + Rp. 

step k-2^k-A: We "add" over C ^ ( rl ) + M '^^^^^ 2t + b -\-2a -\-2h -\- i = 2{k - 2), i = Q, 1; 



[2]) ' \ 2 

this is possible if the conditions 2f + 6 + 2a < 2(A; — 2) and d — a — b — h — i>0 are verified. 
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The residue is {t + h + 2i) ^^^^ fj + {d — a — b — h — i) + Rp- We set w = w{t, k) := t + h + 2i, and 

q = q{t, k) := d ~ a — b — h — i; we are reduced to prove that the scheme {w)^^^^ '^"''^(2) + is 
(fc - 4) - settled. 

Assume t > [^] . We define the following algorithm (C)(t,k) applying one standard step to X{d, t, k) (again 
in these assumptions the standard step is very simple): 
step k ^ k — 2: 

('\ ('\ 

we "add" over C g \ 2 +n [2] +p 2 where 3g + 2n+ p = 2k, n + p = 0,1 (this is always 

\mj Vsy 

possible) . 

The residue is {9 [l^ ^"(s) ^ {l)") over c + ' 9 - ^ - p) (^2^ +"^(2) + 

In the following we apply the standard step 3.2.1. (A)(t,k) and (C)(t,k) a number of times; easy calculations 
assure that the conditions respectively 2x + 3y + 'Sz + e < 2k, v>g + n+p, u>r + s for the standard stop, 
and 2t + b + 2a < 2{k — 2), d — a — b — h — i > for (A)(t,k) are verified (while (C)(t,k) is always possible). 

case k = 12: here p = 0; we have to treat the cases 1 <t <7. 

For 1 < i < 7 (A)(t,12) gives {w, q) = (10, 10) for t = 6,7, {w, q) = (7, 11) for 2 < t < 5, {w, q) = (4, 12) for 

t = 1. 

In all three cases we do a standard step 8^6, and the residue is ( 3 ) ^^^^ c + 2 ) ' ^'^^'^'^ specializes to 8 
double points and it is 6-settled, or ( 6 ) ^^^^ c + ^ ^ 2 ) • ^^^t case, we do another standard step 6 — > 4, 



and the residue is ( 3 ) ^^^^ c + ^ V 2 J ' ^^^''^ specializes to 4 double points and it is 4-settled. 
case k = 14: here p = 8; we have to treat the cases < f < 10. 

If f < 9 we use the first step of (A) (t , 14) , so that we have to prove that the residue (t ^^^+(6 + 20)) ^^^^ ^ + 
{d — a — b) ^ 2 ^ + i?8 is 12-settled; recall that is a scheme ^ 3 ^ • 

step 12 ^ 10: We "add" overC h' { L]+i' { ) + ( roi ) where 2t+6+2a + 2/i'+i' + 3 = 2(fc-2) = 24, 



[2])^ \2 ; VP], 

i' = 0, 1; this is possible since the conditions 2t + 6 + 2a + 3 < 24 and d — a — b — h' — i'>0 are verified. 
The residue is {t + h' + 2i' + 1) ^^^^ ^ + {d- a- b- h' - i') (^^^ . We set w' = w'{t) := t + h' + 2i' + 1, and 

q' = q'{t) := d — a — b — h' — i'; we are reduced to prove that the scheme ( w' ) ^^^^ C^l' [2) is 10 ~ settled; 



an easy calculation shows that {w',q') = (12,16) for 8 < i < 9, {w^q') = (9,17) for 4 < f < 7, 
{w', q') = (6, 18) for < f < 3. These three configurations specialize to the first residual scheme of (A)(t,12) 
(i.e. (^^2^ + (6 + 2a)) ^^^^ ^ + [d — a — b) ^2^) obtained respectively in cases t = 1,2,4, and we have 
proved that they are 10-settled. 

If i = 10 apply (C)(10,14); it is now enough to prove that (^2) ^ (3) ^ over C + ^^ (2) '^^^ 12-settled. 
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step 12 — > 10: we "add" over C ^ [3] J (which is the scheme Rs) and the residue is ( 12 ) ^^^^ c + \ 2 ^ ' 
which is the case {w', q') = (12, 16) previously treated. 

case k = 16: here p = 0; wc have to treat the cases 1 < t < 12. 

For 1 < t < 10 (A)(t,16) gives {w,q) = (12,24) for 6 < t < 10, (w,q) = (9,25) for 2 < t < 5, {w,q) = 
(6, 26) for t = 1. Now we do a standard step 12 10, and if w = 12, the residue is ( 6 ) ^^^^ + 18 ^ ^ ^ , 

while if w = 9 or w = 6, the residue is (9)^^^^ (^2) ' ^^'^ these are the cases {w',q') = (9, 17) or 

(6, 18) previously treated in fc = 14. 

For 11 < t < 12 apply (C)(t,16); it is now enough to prove that (lO 2 ) ( 3 ) over c + (* ~ ^ ^ j + 

d ^ 2 ^ is 14-settled. We now do two standard steps more, 14 12 and 12 10, and the last residue is in 
both cases ( 6 ) ^^^^ + 18 ^ ^ ^ , which we have just recalled is 10-settled. 

case k = 13: here p = 3: wc have to treat the cases 1 < t < 9. 

For 1 < t < 8 (A)(t,13) gives {w,q) = (12, 12) for t = 8, {w,q) = (9, 13) for 4 < t < 7, {w,q) = (6, 14) for 
1 < t < 3. 

In all three cases wc do a standard step 9^7, and if li; = 12, the residue is ( 3 ) ^^^^ c +-^3i which 

specializes to 10 double points +-R3 and it is 7-scttlcd. 

If w = 9 or w = 6, the residue is (6)^^^^ <^ ~'~ ^ (^2) -^3' we do another standard step 7^5, and the 
residue is ( 4 ) ^^^^ + ^ +-^3; which specializes to 5 double points +R5 and it is 5-settled. 

For t = 9 apply (C)(9,13); it is now enough to prove that ^2)^(3)) over c + 2 ) ''"'^^ H-settled. 

We do a standard step 11 — > 9, and the residue is ( 12 ) ^^^^ + 12 + R3, which is one of the previous 
cases. 

case k = 15: here p = 3; we have to treat the cases 1 < t < 13. 

For 1 < f < 10 (A)(t,15) gives {w,q) = (13,19) for 8 < t < 10, {w,q) = (10,20) for 4 < f < 7, 
{w, q) = (7, 21) for 1 < t < 3. These three configurations specialize to the first residual scheme of (A)(t,13) 

(i.e. (^(9) + (6 + 2a)) ^^^^ ^ + {d — a — h) iY\ + R^) obtained respectively in cases t = 1,2, 4, and we 



2 / ^ ^ ^ over C 

have proved that they are 11-settled. 

For 11 < t < 13 apply (C)(t,15); it is now enough to prove that {1q(]^) ^^^^ +{t-lQ) \2 \ +d{V\ +-R3 



} / over C ^ ^ \ I \ 9 

is 13-settlcd. If 11 < t < 12 , this scheme specializes to the scheme used in the first step of (A)(t,13) (i.e. 

over (7 + (c^~oi~^) (2 ) ~^ respectively in cases t = l (where 6 = 11, a = 1) 




2)+«(2)^ 



and t = 2 (where 6 = 10, a = 0), and we have proved that they are 13-settled. If t = 13 we do three standard 
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steps from 13 to 7 and the last residue is o^gj. c ^ ^2) ^^■> ^ = 13 we have proved that it is 
7-settled. 

case k = 17: here p = 11; we have to treat the cases < t < 14. 
We first prove that X{d,t, 17) is 17-settled. 

For < t < 11 we have d > 30, and by Lemma 3.1.4 X{d, t, 17) is 17-settled if X{d - 30, t, 11) is 11-settled. 
If i = 11, d = 30, so that X{d - 30, t, 11) is 11-settled by [ G-I]. 

If < t < 7 (A)(t,ll) applied to the scheme X{d - 30,i,ll) gives {w,q) = (8,6) for 4 < t < 7, 
{w, q) = (5, 7) for < t < 3. Now we do another standard step, and the residue is ( 3 ) ^^^^ q + 



step 5 — > 3: we "add" over C roi )+ •''( o ) + I 2 I with < s < 1 so to have 10 conditions on C, 



[2] 

and in both cases the residue is ( ( 2 




step 3^1: we "add" over C [2] J residue is (1) + (1/0) which is 1-settled (recall that the 

scheme ( 1/0 ) ^^^^ ^ is just a point of P(f2)). 

For 8 < t < 10, we do 3 standard step from 11 to 5, and the residue is ( 3 ) ^^^^ c + ^ 2 ) ~^ ii t = 8, 9, 
which has been treated above, or ((2)-|- ) ^^^^ ^ + 2 ^ ^ ^ + iin if t = 10, in which case we proceed as 

^ 2 j + ) a'ld residue is ( ( 2 ) + ^^^^ ) ^ 



follows: 

over C \ 2 

above. 

If 12 < t < 14 , we do 3 standard steps 17 15, 15 13 and 13 11, and the residue is overC ^ 
20 ^ 2 ^ + Rii in all the three cases; we go on with 3 other standard steps 11 — > 9, 9 — > 7 and 7 — > 5, and 

the residue is ( 6 ) ^^^^ ^ + 2 ^ ^ ^ + Rn, already treated above. 

Now we want to prove that X{d,t, 17) is 17-settled, so we substitute to i?ii the scheme .Rn, and, \lt ^ 11, 
we do the same steps from 17 to 5 as above; now we have to prove that the following schemes are 5-settled: 

(6)o.e.C+2fiV^5+^^ 



(3)o.e.C+3 9 +^5 



2/ ' ° ' \2 



((2)+ (^J) )ot,erC + 2 (^2) +-^5+ (j)" We do a Standard Step 5 ^ 3 and the residuc is (2),,^^^^? + 

^ ^ ^ 2 ) ^^"^ ^"^^^ case, ( 5 ) Q^gj, c + ^ ) ™ second and third case (here ^ ^ denotes the 
scheme R^)\ in Lemma 3.2.3 we proved that both are 3-settled. 

Now let t = 11. By Lemma 3.1.4 it is enough to prove that X(0, 11, 11) is 11-settled. In order to prove this, 
we do 4 standard steps from 11 to 3 and the residue is ((2)-|- ) ^^^^ ^ ( ) ^'^^^^ proved to be 



3-settled in Lemma 3.2.3. □ 
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Corollary 3.3.2. H{s, d, t,p, k) is true for k > 12. 

proof. It follows by Lemma 3.1.5, Lemma 3.1.6 and Lemma 3.2.7. □ 

Proof of Theorem 1.1. First let us check that in our assumptions Y{a, b, c) has maximal Hilbert function 

(mHf for short). Notice that Y{a,b,c) has mHf if and only if h'^{TY(a.b.c){v — 1)) = and hP{lY{a,b){''^)) = 
("2^) - ^ '^herc I = l{Y{a, 6, c)) = a + lib + 6c and v = v{Yia, b, c)) (see 2.1). 

By [ M], a general fat point scheme Z = miPi + . . . + rrirPr, 4 > mi > . . . > rrir > 0, has mHf in any 
degree k such that k > mi + m2 + m^. Since for our schemes Y{a, b, c) one always has m\+m2+mz < 9, 
we get that Y{a, b, c) has mHf for v > 10, i.e. for I > 55. 

Let k be the integer such that (fc - 1)(A: + 1) < 2a + 66 + 12c < k{k + 2), so that w{Y{a, b, c)) = k. 
Rephrasing what is done in the proof of Lemma 2.6 for the analogous statements with c = 0, it is easy to 
show that 

i) there exists {s,d,t,p) € Ak-i such that Z{s,d,t,p) C Y{a,b,c); 

ii) there exists {s' ,d' ,t' ,p') € such that Z{s' ,d' ,t' ,p') 3 Y{a,b,c). 

If 21 > 12 ■ 14, i.e. I > 84, then k > 13, hence {s,d,t,p) G Ak-i- respectively {s' ,d' ,t' ,p') <E A^, implies 
that H{s,d,t,p,k — 1), respectively that H{s' ,d' ,t' ,p' , k) is true, i.e. H°{£k ® ^z(s,d,t,p)) = 0) respectively 
H'^{£k+i ®Iz(s'.d'.t'.p')) = (see Corollary 3.3.2 and 3.1.2). 

So we see, exactly as in the proof of Lemma 2.6, that /Zfc_i(F(a, 6, c)) is injective and /Ltfe(F(a, 6, c)) is 
surjective and we conclude that Y{a,b,c) is minimally generated (see 2.1). If fc = 12 (i.e. 143 <2l < 168) 
and V = 12 (i.e. 78 < Z < 91), then in order to prove that Y{a,b,c) is minimally generated it is enough to 
prove that ^12 is surjective (sec 2.1), and this is true again by ii) and Corollary 3.3.2; hence Y{a,b,c) has 
the expected resolution also for 79 < / < 84. □ 
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